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ABSTRACT 
 We demonstrate that efficient adiabatic nanofocusing of plasmons can be achieved 
using a sharp metal wedge (thin tapered film) on a dielectric substrate. It is shown that the 
quasi-symmetric (with respect to the charge distribution across the wedge) plasmon mode 
can experience infinite adiabatic slowing down with both its phase and group velocities 
reducing to zero as the plasmon propagates towards the tip of the wedge. Conditions for 
strong local field enhancement near the tip are determined and analyzed. In particular, it is 
demonstrated that the electric field in the plasmon experiences much stronger local 
enhancement than the magnetic field. Two distinct asymptotic regimes with the electric 
field amplitude approaching either zero or infinity at the tip of the wedge (tapered film) are 
described. The results are compared to adiabatic nanofocusing of plasmons by metallic V-
grooves and sharp metal wedges in a uniform dielectric.  
1. Introduction 
Nanofocusing of plasmons in metallic nanostructures is localization of plasmon’s 
electromagnetic field into a region with dimensions smaller than those allowed by the 
diffraction limit of light in the dielectric medium surrounding the nanofocusing structure. 
The possibility of achieving adiabatic nanofocusing of plasmons has been considered for 
various structures, such as sharp metal tips [1-5], V-grooves in a metal substrate [6-8], 
sharp conical dielectric tips coated in metal [3,9,10], and wedges surrounded by uniform 
dielectric [7,11]. In adiabatic nanofocusing, as the plasmon propagates towards the tip of 
the wedge/groove/cone, both its phase and group velocity tend towards zero, and the 
plasmon adiabatically stops at the tip. Significant enhancement of the local field near the 
tip may also occur, if dissipation in the metal is not too strong [1,5,6,8,11]. This is 
especially the case for the local electric field whose enhancement may be many times 
stronger than that of the magnetic field [12]. This feature of nanofocusing makes it most 
promising for the development of applications in near-field microscopy [1-4], non-linear 
plasmonics, effective delivery of electromagnetic energy to the nano-scale, including nano-
optical devices and waveguides [1-12], quantum dots, single molecules, etc. Strong 
enhancement of the local electric field during plasmon nanofocusing is also expected to be 
important for the development of new optical sensors and measurement techniques [4,9,13-
17] (e.g., based on surface-enhanced Raman spectroscopy combined with nanofocusing 
[14,15,17]). 
Adiabatic nanofocusing of plasmons in sharp metal wedges surrounded by uniform 
dielectric has been demonstrated using the geometrical optics approach and the 
approximation of continuous electrodynamics [11], and by means of the approximate 
solution of the wave equation in cylindrical coordinates [7]. However, practical use of a 
free-standing sharp metal wedge for plasmon nanofocusing and development of the 
mentioned applications may be impeded by the following two aspects. First, it is difficult 
to fabricate such a wedge (with a few degree taper and a few microns in length). Second, 
such a wedge would be susceptible to damage, because of the lack of mechanical strength 
(due to the small taper angles and significant lengths).  
One of the ways of increasing mechanical strength of the nanofocusing wedge 
structure is to use a tapered metal film on a dielectric substrate (i.e., a sharp metal wedge 
lying on its side on a dielectric substrate). For example, a thin metal film could be 
deposited on a dielectric substrate. The film could then be tapered, e.g., by chemical 
sharpening or mechanical polishing, and then the dielectric substrate can be cut along the 
tip of the tapered metal film and normally to the surface of the substrate. The obtained 
structure with the tapered metal film could then be used, for example, as a robust tip of a 
near-field optical microscope.  
However, it is yet to be determined if a tapered thin metal film/wedge on a 
dielectric substrate is capable of nanofocusing plasmons. So far, there has been no theory 
of adiabatic nanofocusing of plasmons in such structures. It is not known what 
enhancement (if any) of the local electric and magnetic fields could be achieved in this 
case.  
Therefore, the aim of this paper is to theoretically investigate feasibility of plasmon 
nanofocusing in a sharp metal wedge (tapered film) on a dielectric substrate. It will be 
shown that only quasi-symmetric (with respect to the charge distribution across the film) 
plasmons can experience infinite adiabatic slowing down in the considered structure. 
Plasmon wave numbers, ray trajectories, optimal wedge lengths (for achieving maximal 
local field enhancement) will be determined and discussed. Enhancement of the local 
electric and magnetic fields in the wedge will be analyzed and optimized. Two major types 
of asymptotic behavior of the electric field near the tip of the wedge with dissipation will 
be described and investigated. The results will also be compared to adiabatic nanofocusing 
of plasmons in sharp metal wedges surrounded by uniform dielectric [11]. An existence 
condition for plasmonic eigenmodes propagating along the tip of a triangular metal wedge 
on a dielectric substrate will also be derived.  
2. Adiabatic Nanofocusing  
Consider a metal wedge on dielectric substrate (Fig. 1a), with wedge angle Ȗ and 
metal permittivity Hm = e1 + ie2 (e1 < 0, e2 > 0). The permittivities of the dielectric substrate 
Hs and the cladding (e.g., air) Hc are both real and positive, such that Hs > Hc. The co-ordinate 
axes are as indicated in Fig. 1a. The structure is considered to be infinite in the x-direction.  
To understand nanofocusing of plasmons in this structure, we first consider a 
uniform thin metal film between two identical dielectric half-spaces with the same 
permittivities. Suppose that surface plasmons can exist at the interfaces between the metal 
film and surrounding dielectrics. If the plasmons on the two film interfaces are of the same 
frequency and propagate in the same direction, they couple across the film and form a film 
plasmon [18,19]. The film plasmons can have symmetric charge distribution across the 
film (symmetric plasmon) or anti-symmetric charge distribution (anti-symmetric 
plasmons). It can be seen that the symmetric/anti-symmetric plasmons are characterized by 
an anti-symmetric/symmetric distribution of the magnetic field across the film (therefore, 
in some cases, the opposite terminology for film plasmons was also used [6,11,19]).  
If the permittivities on the two sides of the film are different, then the wave 
numbers of the two plasmons at each of the film interfaces are also different. As a result, 
purely symmetric or anti-symmetric film plasmon modes do not exist. However, in 
general, the film can still support two different bound modes, each of which is transformed 
into either the symmetric or anti-symmetric plasmon when the permittivities on both sides 
of the film become identical [19]. Therefore, such plasmon modes are called quasi-
symmetric and quasi-anti-symmetric film plasmons, respectively.  
Figure 1. (a) Metal wedge (tapered film) between a dielectric substrate and 
cladding with the permittivities Hs t Hc. (b) Plasmon ray where ș is the angle between the 
ray and the y-axis at an arbitrary point and ș0 is the angle between the ray and y-axis at 
some arbitrarily selected initial point that is sufficiently far from the wedge tip, where the 
thickness of the wedge is noticeably larger than the penetration depth of the plasmon into 
the metal.  
As has been shown in [11], only the symmetric (with respect to charge distribution) 
film plasmon can experience adiabatic nanofocusing in a wedge surrounded by a uniform 
dielectric. Therefore, it is possible to expect that the quasi-symmetric plasmons may also 
experience nanofocusing in a wedge on a dielectric substrate.  
To demonstrate that this expectation is correct, consider a sharp metal wedge with 
sufficiently small taper angle, J so that the geometrical optics (adiabatic) approximation 
can be used for the analysis of plasmon propagation. This approximation is correct if the 
wave number of the propagating plasmon varies insignificantly within one plasmon 
wavelength [1,6,11,20]:  
_d(Q1y-1)/dy_ << 1,        (1) 
where Q1y is the y-component of the real part of the wave vector q = Q1 + iQ2 of the quasi-
symmetric plasmon in the wedge. If condition (1) is satisfied, then at any arbitrary point on 
the plasmon ray, the field distribution, dispersion and dissipation of the plasmon will be 
approximately the same as for the quasi-symmetric film plasmon propagating in a uniform 
metal film of width H (the local width of the wedge at the considered point) between two 
dielectric half-spaces with the permittivities İc and İs.
The dispersion relationship for the quasi-symmetric film plasmon at a local film 
thickness H is determined by means of the zero-plane method (see, for example, [21]). If Hs
= Hc (a symmetric structure), then the symmetric film plasmon will have an anti-symmetric 
distribution of the magnetic field across the film (see above and [11]). This means that at 
the middle cross-section of the film (i.e., at the (x,y)-plane – Fig. 1a) the magnetic field is 
zero. As a result, instead of considering the four boundary conditions at the two film 
interfaces, we can obtain the dispersion relationship for the symmetric film plasmon from 
just three boundary conditions, one of which is the condition of zero magnetic field in the 
middle of the film [21]. The middle (x,y)-plane is thus called the zero plane (indicating that 
the magnetic field in the symmetric plasmon is zero at this plane).  
In the case of a non-symmetric structure, i.e., when Hs z Hc, the zero plane where the 
magnetic field is zero still exists, but it is shifted from the middle of the film towards one 
of its interfaces (Fig. 2a) [21]. In this case, the position of the zero plane should be found 
together with the wave number of the quasi-symmetric plasmon during the solution of the 
problem [21].  
As shown in Fig. 2, the zero plane subdivides the film of the overall thickness H
into two films of thicknesses h1/2 (that is in contact with the cladding) and h2/2 (that is in 
contact with the substrate), such that  
H = (h1 + h2)/2.         (2) 
Figure 2. (a) A non-symmetric structure with the metal film of thickness H surrounded by 
the two dielectric half spaces with the permittivities İs and İc. The zero-plane (dashed line) 
is shifted from the middle of the metal film, so that the distances from the zero plane to the 
film interfaces are h1/2 and h2/2 (H = (h1 + h2)/2). (b,c) Two auxiliary symmetric 
structures: one with the metal film of thickness h1 between two dielectric half-spaces with 
the permittivity İc, and the other with the metal film of thickness h2 between two dielectric 
half-spaces with the permittivity İs.
In accordance with the zero plane method [21], we derive the dispersion 
relationships for the symmetric plasmons in the two auxiliary structures with the metal film 
of thickness h1 surrounded by the dielectric with the permittivity Hc (Fig. 2b), and with the 
film of thickness h2 surrounded by the dielectric with the permittivity Hs (Fig. 2c):  
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and k0 = Z/c is the wave number in vacuum, Ȧ is the angular frequency in vacuum and c is 
the speed of light in vacuum .  
The values of thicknesses h1 and h2 are determined so that Eqs. (3a,b) give the same 
values for q at condition that Eq. (2) is also satisfied [21]. Because the wave number q
must be the same in both Eqs. (3a,b), we resolve these equations with respect to h1 and h2,
and substitute these thicknesses into Eq. (2), which gives the final dispersion relation for 
the quasi-symmetric plasmon in the initial non-symmetric structure (Fig. 2a): 
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In a sharp wedge (tapered film) on the substrate, the local thickness H is 
proportional to distance from the tip:  
J|J yyH )2/tan(2 .        (6)
In this paper, we assume that dissipation of the plasmon is weak, i.e., e2 << |e1| and 
Q2 << Q1. In this case, if near the tip of the wedge (i.e., at y o 0)
 Re(Įm)H << 1,          (7) 
then Eq. (5) can be reduced as 
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giving the asymptotic behavior of the plasmon wave number near the tip of the wedge.  
Figure 3. (a) The dependencies of the real part Q1 of the plasmon wave number determined 
by Eq. (5) on local wedge thickness H, for the following parameters: vacuum wavelength 
Ovac = 0.6328 Pm, Hm = – 16 + 0.52i (silver at the indicated wavelength [22,23]), İc = 1, and 
the following substrate permittivities: (1) Hs = 10, (2) Hs = 5, (3) Hs = 2 and (4) Hs = 1. (b) 
The dependencies of Q1 on H, for the three structures with (1) İs = İc = 2, (2) İc = 1, İs = 2, 
and (3) İs = İc = 1; the other parameters are the same as for (a).  
This is a confirmation of our original expectations that the quasi-symmetric 
plasmon in a sufficiently sharp wedge on a substrate can experience adiabatic 
nanofocusing. Indeed, a non-trivial solution to Eq. (5) and Eq. (8) exists at an arbitrarily 
small wedge thickness H, i.e., arbitrarily close to the tip of the wedge (in the 
approximation of continuous electrodynamics). In addition, Eq. (8) suggests that as the 
plasmon approaches the tip (H ĺ 0), its wave number tends to infinity, i.e., the plasmon 
phase velocity adiabatically tends to zero at the tip (see also [1,6,11]). It can also be shown 
that the group velocity of the plasmon also tends to zero at the tip of the wedge. The 
asymptotic (near the tip) dependencies of both the phase and group velocities on distance 
to the tip are linear in the log-log scale. The same behavior of plasmon wave number and 
velocities can be obtained via the numerical solution of Eq. (5) – see Fig. 3a. That is, the 
wave number of the quasi-symmetric film plasmon rapidly increases as H decreases and İs
increases (Fig. 3a).  
Fig. 3b demonstrates the effect of the structural asymmetry (when Hc z Hs) by 
comparing the obtained dependence Q1(H) for the wedge on the substrate (curve 2), with 
those for the symmetric Hc-Hm-Hc (curve 3) and Hs-Hm-Hs (curve 1) structures. In particular, 
the plasmon wave numbers for a wedge on a substrate (curve 2) lie between the wave 
numbers for the plasmons on the same wedge surrounded by the uniform dielectrics with 
the permittivities Hc (curve 3) and Hs (curve 1). If Hs > Hc, then at large distances from the tip 
the plasmon wave number for the wedge on a substrate tends to that of the surface plasmon 
propagating on the metal-substrate interface (curves 1 and 2 in Fig. 3b). This is because 
when the thickness of the metal film increases, the quasi-symmetric plasmon becomes 
more localized near the film interface with the dielectric medium of larger permittivity (at 
H o + f, the quasi-symmetric film plasmon is transformed into the surface plasmon at the 
metal-substrate interface) – see also [19].  
In the asymptotic case as H o 0, the applicability condition for the assumed 
adiabatic approximation (Eq. (1)) can be significantly simplified:  
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where Jc2 is the critical wedge angle, only below which the adiabatic approximation is 
valid. Note that as was shown in [6,11] for the plasmons experiencing nanofocusing, if the 
adiabatic approximation is satisfied near the tip, it is satisfied everywhere else. Therefore, 
condition (9) can be regarded as the validity condition for the adiabatic approximation 
everywhere in the wedge on a dielectric substrate.  
 It has also been shown in [12] that the adiabatic approximation gives good 
agreement with the rigorous numerical analysis for angles that are even slightly larger than 
the critical angle Jc2. Therefore, condition (9) seems to be too restrictive and should rather 
be replaced by  
J < Jc2 { – (Hs + Hc)/e1.        (9*) 
For example, for a silver wedge in vacuum we have: Ȗc2 § 7o, while for a silver 
wedge on a substrate with İs = 2.5 and İc = 1, Ȗc2 § 12.5o. Increasing permittivity of the 
substrate and/or cladding results in relaxing applicability conditions for the adiabatic 
approximation.  
 Plasmon rays in the wedge on a dielectric substrate can be determined in the same 
way as the rays in a sharp metal groove with adiabatic nanofocusing [6]. A plasmon ray is 
determined by the angle T between this ray and the y-axis (Fig. 1b). This angle at an 
arbitrary value of y can be determined from the Snell law [6]:  
Q01sinT0 = Q1sinT,         (10) 
where Q01 is the real part of the wave number q0 = Q01 + iQ02 of the quasi-symmetric 
plasmon at y o + f (i.e., q0 is the wave number of the plasmon on an isolated metal-
substrate interface), and ș0 is the angle of incidence at a sufficiently large distance from the 
wedge tip where the thickness of the wedge is noticeably larger than the penetration depth 
of the plasmon into the metal (Fig. 1b). Q1 is determined from Eq. (5) as a function of 
wedge thickness H. Then the angle T at every distance from the tip of the wedge can be 
determined from Eq. (10) for any incidence angle T0, such that – S/2 < T0 < S/2 (Fig. 1b). 
Therefore, if we know the coordinates (x,y) of some point on the ray, then the coordinates 
(x + dx, y + dy) of the next point on the same ray are determined by the angle T at the point 
(x,y) and the value of dy. This results in a numerical algorithm for the determination of a 
plasmon ray, if we know the position of an initial point on this ray [6].  
 Because the wave number of the quasi-symmetric plasmon Q1 turns to infinity at 
the tip of the wedge (Fig. 3), Eq. (10) suggests that all plasmon rays, irrespectively of angle 
of incidence 0 d T0 < S/2, must cross the x-axis at the right angle (i.e., be normal to the tip) 
– Fig. 1b. This is very similar to plasmon rays in metallic grooves filled with dielectric [6] 
and metal wedges surrounded by uniform dielectric [11]. 
3. Local Field Enhancement (Zero Dissipation) 
As demonstrated in the previous section, the phase and group velocities of the 
quasi-symmetric film plasmon asymptotically tend to zero near the tip, and the plasmon 
becomes infinitely localized. It is therefore, possible to expect that the plasmon field 
should experience strong enhancement near the tip (see also [1,5,6,11,12]).  
Following the approach that was outlined in [6,11], we use energy conservation to 
determine local field enhancement as the plasmon propagates towards the tip of the wedge 
(tapered film). Namely, in the absence of dissipation, the y-component of the energy flux 
of the plasmon is conserved [6,11]: 
S0cosș0 = Scosș        (11)  
where  
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is the energy flux in the incident quasi-symmetric plasmon (i.e., the magnitude of the 
Poynting vector in the plasmon averaged over the wave period 2S/Z and integrated over 
the z-coordinate between – f and + f [6,11]) at a sufficiently large distance from the tip, 
where the quasi-symmetric plasmon is equivalent to the plasmon at the metal-substrate 
interface [19], H200 is the magnetic field amplitude on the metal-substrate interface at large 
distances from the tip, and S is the energy flux in the same quasi-symmetric plasmon at an 
arbitrary point on the plasmon ray (Fig. 1b):  
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Here, H20 is the magnetic field amplitude at the metal-substrate interface at the considered 
arbitrary point on the ray. 
To determine the magnetic field amplitude as a function of y in the absence of 
dissipation the following numerical algorithm is used [6,11]. Using Eqs. (5), (6) and (10), 
determine Q1 and T as functions of y. Eq. (13) will then give the energy flux S(y) in the 
plasmon as a function of y. Substituting Eqs. (12) and (13) into Eq. (11), we determine 
H20(y).
The typical dependencies of the magnetic field amplitude on distance from the tip 
of the wedge are presented in Fig. 4a for different substrate permittivities. One of the 
important features of this figure is that the magnetic field in the quasi-symmetric plasmon 
may experience noticeable enhancement as the plasmon propagates towards the tip of the 
wedge. The smaller the permittivity of the substrate, the larger the local enhancement of 
the magnetic field (Fig. 4a).  
Fig. 4b demonstrates the effect of structural asymmetry on local magnetic field 
enhancement by comparing the dependence H20(y) for the wedge on dielectric substrate 
(curve 3), with the similar dependencies for the symmetric İc-İm-İc (curve 1) and İs-İm-İs
(curve 2) structures. In particular, local magnetic field enhancement obtained using a metal 
wedge on a dielectric substrate (curve 3) is weaker than that achieved in the same wedge 
surrounded by a uniform dielectric with either the permittivity of the cladding (curve 1) or 
the permittivity of the substrate (curve 2). This is because in a symmetric (İc-İm-İc or İs-İm-
İs) structure the symmetric plasmon tends to two uncoupled surface plasmons at the two 
film interfaces, if the local thickness of the wedge tends to infinity (far away from the tip). 
On the contrary, in a non-symmetric structure (with Hc z Hs), the quasi-symmetric plasmon 
tends to just one surface plasmon propagating along the metal-substrate interface, if the 
local wedge thickness tends to infinity [19]. Therefore, in a non-symmetric İc-İm-İs
structure the initial energy flux in the incident quasi-symmetric plasmon (at y o + f) with 
the amplitude H200 is 2 times smaller than that in the incident symmetric plasmon with the 
same amplitude in the symmetric İs-İm-İs structure. This is the reason for the local field 
enhancement in the non-symmetric structure being significantly weaker than in both the İs-
İm-İs and İc-İm-İc symmetric structures (Fig. 4b).  
Similar to nanofocusing in metallic V-grooves filled with dielectric [6] and metal 
wedges surrounded by uniform dielectric [11], the amplitude of the magnetic field in a 
quasi-symmetric plasmon in a metal wedge on a substrate plateaus to a finite value for 
small y (Fig. 4). Physically, this is due to a balance between increasing Poynting vector and 
decreasing region of plasmon localization as the plasmon approaches the tip (see also [6]).  
Fig.4. (a) The y-dependencies of the normalized amplitude of the magnetic field at the 
metal-substrate interface, H20(y)/H200, in the absence of dissipation (e2 = 0) for the angle of 
incidence T0 = 0, wedge angle Ȗ = 7o, Ovac = 0.6328 Pm, e1 = – 16 (silver at the considered 
wavelength [22,23]), İc =1 and (1) Hs = 1, (2) Hs = 2, (3) Hs = 5 and (4) Hs = 8. (b) The 
dependencies H20(y)/H200 for the three structures: (1) İs = İc = 1, (2) İs = İc = 2 and (3) İc =
1, İs = 2; the other parameters are the same as in (a).  
Fig.5. (a) The y-dependencies of the normalized (we assume that H200 = 1) amplitude of the 
electric field in the quasi-symmetric plasmon at the metal-substrate interface (curves 1 – 3) 
and at the metal-cladding interface (curves 4 and 5) in the absence of dissipation (e2 = 0) 
for Hc = 1 and different values of the substrate permittivity: (1) Hs = 1, (2,4) Hs = 2 and (3,5) 
Hs = 8. The other parameters are the same as for Fig. 4a. (b) The comparison of the y-
dependencies of the normalized amplitude of the electric field in the absence of dissipation 
for the symmetric and non-symmetric structures: (1) Hs = Hc = 1, (2) Hs = Hc = 2, (3,4) Hc = 1, 
Hs = 2. The other parameters are the same as for Fig. 4a. Curves 1 – 3 are for the metal-
substrate interface, while curve 4 is for the metal-cladding interface.  
The enhancement of the electric field in the wedge is obtained by using the 
Maxwell equations and expressing the electric field amplitude in the quasi-symmetric 
plasmon in terms of the determined magnetic field. Fig. 5 presents the typical 
dependencies of the electric field amplitude in the plasmon on distance from the tip of the 
silver wedge.  
One of the major aspects demonstrated by Fig. 5 is that the electric field in the 
quasi-symmetric plasmon may experience infinite (in the approximation of continuous 
electrodynamics) enhancement at the tip of the wedge – see the linear asymptotic behavior 
of the dependencies in Fig. 5 at y o 0. This occurs despite the fact that the magnetic field 
experiences only finite (and relatively weak) enhancement near the tip (Fig. 4). This is 
similar to infinite local field enhancement of the electric field in a groove filled with 
dielectric [12]. However, the electric field enhancement in a metal wedge (on a substrate or 
in uniform dielectric) is typically weaker than in a groove (see also [12]).  
The major tendencies observed for the magnetic field when the dielectric 
permittivity of the substrate is changed remain the same for the electric field. For example, 
local enhancement of the electric field near the tip noticeably decreases with increasing 
permittivity of the substrate. Electric field enhancement in a non-symmetric structure (Hc z
Hs) is typically weaker than in both the symmetric structures where the wedge is placed into 
a uniform dielectric that is equal to the permittivity of either the substrate or the cladding 
(Fig. 5b). The explanation of this effect was presented above in the discussion of Fig. 4b.  
It is also important that the electric field amplitude is strongly enhanced at both the 
wedge interfaces (with the substrate and cladding). However, at distances from the tip that 
are larger than ~ 0.5 Pm, the amplitude of the electric field at the metal-cladding interface 
is negligible (see curves 4 and 5 in Fig. 5a and curve 4 in Fig. 5b). This is expected, 
because when the thickness of the metal film (wedge) increases beyond the penetration 
depth of the plasmon into the metal, the quasi-symmetric plasmon is transformed into the 
surface plasmon at the metal-substrate interface (if Hc < Hs) [19]. Therefore, as the wedge 
thickness becomes large compared to the penetration depth into the metal, the electric and 
magnetic fields at the metal-cladding interface become small compared to their values at 
the metal-substrate interface (curves 4 and 5 in Fig. 5a). On the contrary, if the thickness of 
the wedge is smaller than the penetration depth of the plasmon into the metal (i.e., at small 
y), then the fields at the metal-cladding interface are approximately the same as at the 
metal-substrate interface (compare curves 2 and 3 with curves 4 and 5, respectively). This 
is a significant difference between nanofocusing in symmetric and non-symmetric 
structures with a sharp metal wedge.  
4. Local Field Enhancement in the Presence of Dissipation 
In Section 3 we neglected dissipation in the metal. However, it is clear that 
dissipation may have a significant effect on local field enhancement during plasmon 
nanofocusing [5,6,11,12]. Therefore, the analysis of dissipation is essential for properly 
understanding nanofocusing in realistic metallic nano-structures.  
The procedure for finding the dependencies of the magnetic and electric field 
amplitudes in the presence of dissipation on distance from the tip was described previously 
for metallic V-grooves filled with dielectric [6] and metal wedges in a uniform dielectric 
[11]. It can also be used for the analysis of local field enhancement in a metal wedge on a 
dielectric substrate. The procedure allows determination of plasmon fields upon 
infinitesimally small displacement along the plasmon ray (Fig. 1b), if these fields are 
known at the initial point preceding this displacement [6,11]. This results in a numerical 
algorithm allowing consecutive determination of plasmon fields at a number of closely 
spaced points along the ray, if these fields are known at some initial/reference point (for 
more detail see [6,11]).  
The resultant typical dependencies of the magnetic field amplitude on distance 
from the tip in the presence of dissipation in the metal are presented in Fig. 6 for a silver 
wedge/film.  
Fig. 6. The y-dependencies of the normalized amplitudes of the magnetic field at the metal-
substrate interface H20(y)/H20min (H20min is the amplitude of the plasmon at the local 
minimum of the amplitude) for the quasi-symmetric plasmon in the presence of 
dissipation: Hm = – 16 + i (silver at the considered wavelength [22]), Ovac = 0.6328 Pm, T0 = 
0, and Ȗ = 7o. (a) Hc = 1 (cladding is vacuum), and different substrate permittivities: (1) İs = 
1, (2) İs = 2, (3) İs = 3, and (4) İs = 5 (because this curve does not have a local minimum, it 
is normalized arbitrarily so that it goes similarly to curves 1 – 3). (b) The comparison of 
the y-dependencies of the normalized amplitude of the magnetic field at the metal-substrate 
interface in the presence of dissipation for the symmetric and non-symmetric structures: (1) 
İs = İc = 1, (2) İs = İc = 2 and (3) İs = 2, İc = 1.  
At large distances from the tip, the quasi-symmetric plasmon can be approximated 
by the surface plasmon at an isolated metal-substrate interface. In this case, penetration 
depth of the plasmon into the metal is smaller than wedge thickness, and field 
enhancement due to plasmon interaction with the metal-cladding interface (nanofocusing 
effect) is negligible. As a result, dissipative reduction of the plasmon amplitude is 
dominant at these distances from the tip – Fig. 6. As the plasmon propagates closer to the 
tip, the thickness of the metal wedge decreases and the plasmon begins to interact with the 
metal-cladding interface, which may cause an increase in plasmon wave number and 
amplitude. Therefore, curves 1 – 3 in Fig. 6a,b go through a minimum (at which the 
dissipation effects are cancelled by nanofocusing), and then start to increase displaying 
enhancement of the magnetic field. In the absence of dissipation, the magnetic field at the 
tip is finite (see the plateaus at small y in Fig. 4). Therefore, at asymptotically small 
distances to the tip, nanofocusing does not cause further enhancement of the magnetic field 
and dissipation again becomes dominant. This is why after reaching local minimums, 
curves 1 – 3 go through local maximums (where dissipation is again cancelled by 
nanofocusing), and further decreasing distance to the tip results in a monotonic decrease of 
the magnetic field amplitude (Fig. 6).  
Curve 4 in Fig. 6a does not display a local maximum of the magnetic field, but 
rather shows its monotonic decay to zero at the tip. This is because, for the parameters 
corresponding to curve 4, dissipation of plasmon is too strong (above the critical value), so 
that local field enhancement due to nanofocusing never dominates dissipation. This occurs 
when either imaginary part of the metal permittivity is too large (above the critical value), 
or taper angle is too small (below the critical value), or substrate permittivity is too large 
(above the critical value – see Fig. 6a). For example, for the parameters considered for Fig. 
6a, the critical value of the substrate permittivity is close to (but smaller than) 5 (see curve 
4 in Fig. 6a). Increasing imaginary part of the substrate permittivity and/or decreasing taper 
angle result in decreasing critical substrate permittivity. Thus, the discussed critical values 
of dissipation, taper angle, and substrate permittivity that determine the existence of a 
magnetic field maximum are interrelated with each other.  
Fig. 7. Nanofocusing tapered metal strip of the optimal width Wopt, initial (entry) thickness 
Hi corresponding to the local minimum of the magnetic field amplitude (Fig. 6), and the 
final (exit) thickness Hf corresponding to local maximum of the magnetic field amplitude 
(Fig. 6).
The existence of local minimum and maximum of the magnetic field amplitude at 
some distances to the tip allows normalization of the corresponding dependence H20(y) to 
the amplitude of the magnetic field H20min at this minimum. This is equivalent to assuming 
that the magnetic field amplitude at the metal-substrate interface at the local minimum 
H20min = 1 (curves 1 – 3 in Fig. 6). Curve 4 (with no minimum or maximum) has been 
normalized arbitrarily, so that it goes similarly to the other curves in Fig. 6a. As was 
indicated in [5,6,11,12], the distance between the local minimum and maximum of the 
field determines the optimal size of the nanofocusing structure (in this case, width of the 
tapered metal film Wopt on the substrate – Fig. 7) for achieving the largest possible 
enhancement of the local magnetic field. For example, for curve 2 in Fig. 6a, the local 
minimum occurs at the distance ~ 500 nm from the tip, whereas the local maximum at ~ 80 
nm from the tip. This corresponds to the optimized nanofocusing structure with Wopt | 420 
nm, Hi | 61 nm and Hf | 10 nm (Fig. 7).  
Figure 8. (a) The y-dependencies of the normalized amplitudes of the electric field in the 
quasi-symmetric plasmon for the vacuum-silver-substrate wedge structure at the silver-
substrate interface (curves 1 – 3) and silver-vacuum interface (curves 4 – 5); Hc = 1, Hm = – 
16 + i (silver at Ovac = 0.6328 Pm [22]), (1) Hs = 1, (2,4) Hs = 2 and (3,5) Hs = 8. The other 
parameters are the same as for Figs. 4a and 5a. The normalization of curves 1, 2 and 4 is 
conducted so that H20min = 1 (see Fig. 6), while normalization of curves 3 and 5 is arbitrary 
(because there is no minimum on the corresponding dependence H20(y) – see curve 4 in 
Fig. 6a). (b) The comparison of the y-dependencies of the normalized amplitude of the 
electric field in the presence of dissipation for the symmetric and non-symmetric 
structures: (1) Hs = Hc = 1, (2) Hs = Hc = 2, (3) Hc = 1, Hs = 2. The other parameters are the 
same as for Figs. 4a and 5a. Curves 1 – 3 are for the metal-substrate interface, and curve 4 
is for the metal-cladding interface. Normalization is such that H20min = 1.  
The electric field enhancement in a silver wedge (tapered film) with dissipation is 
demonstrated by Fig. 8. Comparing Figs. 8 and 5, we can see that taking dissipation in 
account results in the expected reduction of the local electric field enhancement in the 
wedge. The other difference between Figs. 8 and 5 is that curves 1 – 3 in Fig. 8 go through 
a minimum at some distance from the tip (for curve 1 this minimum is beyond the range of 
distances on the horizontal axis). Otherwise, the curves in Figs. 8 and 5 are fairly similar.  
The existence of a minimum of the electric field at some distance from the tip of 
the wedge is explained in the same way as the minimum of the magnetic field (Fig. 6). 
However, it is important that the minimums of the electric and magnetic fields are reached 
at different values of y (compare Figs. 8 and 6). Therefore, the optimal structures for 
achieving the maximal possible enhancements of the electric and magnetic fields must also 
be different. Recall that the maximal possible enhancement of the magnetic field is 
achieved in the nanofocusing strip with the entry thickness Hi (corresponding to the local 
minimum of the magnetic field) and the exit thickness Hf (corresponding to the local 
maximum of the magnetic field) – see Fig. 7. The initial (entry) thickness of the optimal 
nanofocusing strip for achieving maximal electric field enhancement should also 
correspond to the local minimum of the electric field. However, a local maximum of the 
electric field does not usually exist (structures where it exists are characterized by high 
dissipation and/or very small taper angles – see Fig. 9 below). Therefore, the exit thickness 
of the tapered film for achieving maximal possible local electric field enhancement is 
typically limited by the applicability of the developed theory (i.e., the approximation of 
continuous electrodynamics). The optimal exit thickness Hf should typically be chosen as 
small as possible, but so that the effects of spatial dispersion (Landau damping) can still be 
neglected: Hf  ~ 2 nm [1,24,25]. For example, for curve 2 in Fig. 8a, the maximal 
enhancement of the electric field amplitude is ~ 8 times. Note that this enhancement is 
noticeably weaker than that achievable in tapered metallic gaps filled with dielectric [12]. 
However, the proposed metal wedge structure is more accessible for external perturbations, 
and thus offers new opportunities in near-field microscopy and sensor design.  
Increasing permittivity of the substrate and/or imaginary part of the metal 
permittivity results in a noticeable reduction of local electric field enhancement. Similarly, 
decreasing taper angle also leads to a significant reduction of the enhancement. This is 
because decreasing taper angle results in larger distances that the plasmon should travel 
between any two fixed film thicknesses, which leads to larger dissipative losses.  
As indicated above, all the curves in Fig. 8 display infinite asymptotic increase of 
the electric field near the tip of the wedge. However, this is not always the case. It is clear 
that increasing imaginary part of the metal permittivity and/or decreasing taper angle 
should eventually result in dissipation overpowering increase (due to nanofocusing) of the 
electric field in the plasmon. This is because increase of the electric field caused by 
nanofocusing can be made arbitrarily slow (with decreasing y) by reducing taper angle to 
zero. Fig. 9 shows the typical dependencies of the amplitude of the electric field in the 
plasmon on distance to the tip for different values of e2 and the fixed taper angle J = 5o
(Fig. 9a), and for different values of taper angle and the fixed e2 = 2 (Fig. 9b).  
It can be seen that, if the dissipation is not too strong, the amplitude of the electric 
field in the quasi-symmetric plasmon goes through a minimum and then monotonically 
increases to infinity as the plasmon approaches the tip of the wedge (curves 1 – 3 in Fig. 
9a). This is only correct in the approximation of continuous electrodynamics. In a real 
situation, spatial dispersion [1,24,25] and finite sharpness of the tip (due to fabrication and 
atomic structure of matter) will not allow the infinite increase of the electric field 
amplitude. 
Figure 9. The y-dependencies of the amplitudes of the electric field in the quasi-symmetric 
plasmon for the vacuum-metal-substrate wedge structure at the metal-substrate interface; Hc
= 1, Hs = 2, e1 = – 16, Ovac = 0.6328 Pm, T0 = 0 (normal incidence). (a) For the fixed taper 
angle J = 5o and different imaginary parts of the metal permittivity: (1) e2 = 1, (2) e2 = 3, 
(3) e2 = 5, (4) e2 = 7, (5) e2 = 8. (b) For the fixed imaginary part of the metal permittivity e2
= 2 and different taper angles: (1) J = 2o, (2) J = 1.5o, (3) J = 1.4o, (4) J = 1.35o, (5) J = 
1.2
o
.
The asymptotically infinite increase of the electric field amplitude (curves 1 – 3 in 
Fig. 9a) occurs only if e2 is smaller than a critical value e2c (in Fig. 9a, e2c | 7). If e2 > e2c,
then the electric field amplitude near the tip monotonically decreases to zero (curve 5 in 
Fig. 9a). It is only at the critical dissipation in the metal, that the amplitude of the electric 
field near the tip asymptotically tends to a finite and non-zero constant (curve 4 in Fig. 9a).  
It is interesting that near the tip, the asymptotic behavior of the electric field 
amplitude is linear in distance to the tip in the log-log scale (Fig. 9), which means that the 
asymptotic behavior of the electric field amplitude is the power law in distance from the 
tip: 
E | Cy-P,  if y o 0,       (14) 
where C and P are some constants depending on the structural parameters (– P is the slope 
and ln(C) is the intercept of the linear asymptotic (at y o 0) dependencies in Figs. 9a,b.). If 
e2 < e2c, then P > 0, and the amplitude of the electric field tends to infinity at the tip. If e2 > 
e2c, then P < 0, and the amplitude of the electric field tends to zero at the tip. It is only 
when e2 = e2c, that P = 0 and the amplitude of the electric field at the tip is non-zero and 
finite (curve 4 in Fig. 9a).  
Similarly, if we fix e2, there exists a critical wedge angle Jc (do not confuse with Jc2
see – Eqs. (9) and (9*)). In the adiabatic approximation and the assumption of continuous 
electrodynamics, if J > Jc, then the amplitude of the electric field in the plasmon increases 
to infinity as the plasmon propagates towards the tip (curves 1 – 3 in Fig. 9b). If J < Jc,
then the plasmon amplitude tends to zero at the tip (curves 4 and 5 in Fig. 9b). The 
amplitude of the electric field at the tip of the wedge is finite and non-zero only if J = Jc (in 
Fig. 9b, Jc | 1.36o – close to curve 4). This situation is very similar to that predicted for 
plasmon nanofocusing in tapered metallic gaps [12].  
For every fixed value of e2 we can thus find a critical taper angle Jc, and vice versa, 
for every fixed value of J we can find a critical imaginary part of the metal permittivity e2c.
It is clear that at the found critical value of Jc (or e2c) the original fixed value of e2 (or J) is 
also equal to its critical value. For example, the angle J = 5o is the critical taper angle for 
the imaginary part of the metal permittivity e2 = e2c | 7 (Fig. 9a). From this point of view, 
critical values of the taper angle Jc and imaginary part of the metal permittivity e2c are 
related to each other (e.g., Jc must increase with increasing e2c). Following the procedure 
developed in [12], we derive this relationship for the wedge to be:  
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The indices “c” are used for all the parameters involved in Eq. (15), including real part of 
the metal permittivity e1 and permittivities of the substrate Hs and cladding Hc. This is 
because if, for example, we fix the values of e1, J, Hs and Hc and substitute them into Eq. 
(15) instead of e1c, Jc, Hsc and Hcc, respectively, then Eq. (15) gives the critical value of the 
imaginary part of the metal permittivity. On the other hand, if we fix the values of e2, J, Hs
and Hc, then substituting them into Eq. (15) instead of e2c, Jc, Hsc and Hcc determines the 
value of e1c. If e1 > e1c, then the electric field amplitude asymptotically tends to infinity 
near the tip of the wedge, and if e1 < e1c, then the electric field amplitude asymptotically 
tends to zero near the tip. Thus the value e1c is the critical value of the real part of the metal 
permittivity that also determines the two major regimes of nanofocusing and local electric 
field enhancement. Therefore, all the parameters in Eq. (15) (not just e2 and J) are equal to 
their critical values that are related to each other by this equation. This is the reason for 
using the indices “c” for all the parameters in Eq. (15).  
Note also that the number of different critical parameters determined by just one 
equation (15) is 5. Therefore, Eq. (15) does not determine these parameters uniquely. For 
example, the same value of e2c can be obtained using infinite number of appropriate 
combinations of the remaining four critical parameters e1c, Jc, Hsc and Hcc.
A general rule is that increasing the parameters that are in the numerator of the 
right-hand side of Eq. (15) result in increasing local electric field enhancement, while 
increasing parameters that are in the denominator of the right-hand side of Eq. (15) result 
in decreasing local electric field enhancement.  
Note that Eq. (15) is correct for an arbitrary non-zero angle of incidence – 90
o
 < T0
< 90
o
. This is because at any incidence angle °T0° < 90o, the plasmon ray asymptotically 
turns perpendicular to the tip of the wedge (Fig. 1b). Therefore, in the asymptotic regime 
near the tip, the quasi-symmetric plasmon always propagates normally to the tip, and Eq. 
(15) is independent of T0.
For a silver wedge with İm = – 16 + i [22], İc = 1, and İs = 2.25 (glass substrate), Eq. 
(15) gives Jc | 0.7o << Jc2 | 12o (see Eq. (9)). This leaves a broad range of angles where 
significant local electric field enhancement could be achieved in practically realistic 
structures with silver wedge at the considered wavelength (Ovac = 0.6328 Pm).  
Optimizing structural parameters of the considered tapered metallic structures will 
be essential for the successful development of different practical applications, such as near-
field optical microscopy and new nano-sensors. For example, a wedge-like tip for a 
scanning electron microscope could be fabricated, if the substrate is cut off along the exit 
face of the tapered strip with the local thickness Hf (Fig. 7). This thickness Hf can be 
chosen in accordance with the required resolution (which is of the order of Hf), but larger 
than the minimal acceptable value of 2 – 4 nm below which the effects of spatial dispersion 
must be taken into account [1,24,25]. As discussed above, the initial wedge thickness Hi
should be chosen close to the local minimum of the electric field amplitude – Fig. 9 (for 
most efficient field enhancement). However, it is important to note that in the adiabatic 
approximation local field enhancement increases with increasing taper angle (Fig. 9b). 
This is because increasing taper angle results in decreasing effective propagation distance 
for the focused plasmon, and thus dissipative losses become less significant. This means 
that larger taper angles should be preferable for achieving stronger local field 
enhancement. Therefore, taper angle is one of the most important parameters (together 
with the imaginary part of the metal permittivity) for the determination of optimal wedge 
parameters for near-field microscopy and other applications. However, determination of an 
optimal taper angle is beyond the adiabatic approximation and will require consideration of 
plasmon reflections from the taper, which can only be done using numerical methods of 
analysis outside of the considered adiabatic theory [8,12].  
5. Wedge Plasmons 
As was shown in [11,26,27], sharp metal wedges surrounded by uniform dielectric 
are capable of supporting strongly localized plasmon modes (wedge plasmons), if the 
wedge angle falls within the range Jc2 < J < Jc1 [11]. For example, for a triangular silver 
wedge in vacuum at the wavelength Ovac = 0.6328 Pm, we have: Jc1 | 102o and Jc2 | 7o
[11,26]. Wedge plasmons are strongly localized near the tip of the wedge and propagate 
infinite distance along this wedge, if dissipation in the metal is neglected. Therefore they 
are structural eigenmodes of the metal wedge [11,26].  
The first critical wedge angle Jc1 is determined numerically [26,27], and it 
corresponds to the wave number of the wedge plasmon being equal to the wave number of 
the surface plasmons on the sides of the wedge. Thus, if J > Jc1, then the wedge plasmon 
leaks into surface plasmons on the sides of the wedge [26,27]. The second critical angle Jc2
determines the applicability conditions for the adiabatic approximation for nanofocusing of 
the symmetric plasmons. This is because a wedge plasmon can be represented by a 
symmetric film plasmon experiencing successive reflections from the tip of the wedge and 
a turning point [11] (see also [6] for the similar consideration of the gap plasmons). This is 
very similar to how a guided mode of a dielectric slab can be represented by a bulk wave 
propagating in the slab and experiencing successive reflections from the slab interfaces.  
If the condition for adiabatic nanofocusing (9*) is satisfied, then the symmetric 
plasmon incident onto the tip of the wedge does not experience noticeable reflections and 
propagates an infinite optical path towards the tip. Because the symmetric film plasmon 
cannot experience reflections from the tip, the corresponding wedge plasmon does not 
exist (it has infinite localization near the tip and zero speed) – see [6,11]. If J > Jc2, then the 
symmetric plasmon cannot propagate all the way towards the tip, but rather experiences 
significant reflections from the taper. As a result, it can form a wedge plasmon mode with 
finite localization [11].  
As has been shown above, effective nanofocusing can also occur in a metal wedge 
on a dielectric substrate. This is an indication that wedge plasmons can also exist in such a 
structure. Similar to plasmons in a wedge in a uniform dielectric medium, wedge plasmons 
in a wedge on a substrate should also exist within a range of taper angles limited by two 
critical angles. Whereas the first critical wedge angle Jc1 for a wedge on a substrate can 
only be determined numerically, the second critical angle Jc2 is given by the simple 
equations (9) and (9*). Thus wedge plasmons can exist in a metal wedge on a dielectric 
substrate only if the angle of this wedge is such that adiabatic nanofocusing does not occur, 
i.e., if J > Jc2 = – (İs + İc)/e1. Otherwise, the wedge plasmon appears to be infinitely 
localized near the tip, and thus does not exist as a propagating wave.  
6. Conclusions 
One of the main outcomes of this paper is the demonstration that effective plasmon 
nanofocusing can occur in a sharp triangular metal wedge (tapered metal film) on a 
dielectric substrate. The effect of such a substrate on plasmon wave numbers, trajectories, 
local field enhancement, optimal structural parameters for achieving maximal field 
enhancement, etc. was determined and discussed.  
In particular, it was shown that only quasi-symmetric (with respect to the charge 
distribution across the film) plasmons can experience adiabatic nanofocusing in the 
considered structure, if the wedge angle is smaller than the determined critical angle Jc2. It 
was also shown that the electric field near the tip of the wedge (tapered film) experiences a 
much stronger enhancement than the local magnetic field. Two major different regimes of 
nanofocusing were identified and analyzed. In the first of these regimes, the amplitude of 
the electric field in the plasmon asymptotically tends to infinity at the tip (in the 
approximation of continuous electrodynamics), whereas in the second regime, the electric 
field amplitude asymptotically tends to zero at the tip of the wedge. These two regimes are 
determined by a set of critical parameters including taper angle, real and imaginary parts of 
the metal permittivity, and permittivities of the substrate and cladding. A simple analytical 
relationship between all these critical values was derived and discussed.  
It was also suggested that only if the conditions for adiabatic nanofocusing are not 
satisfied, i.e., the taper angle is larger than the critical angle Jc2, then a special type of 
plasmon strongly localized near the tip of the wedge and propagating along this wedge can 
exist in the structure. These plasmons are similar to those considered previously on a sharp 
metal wedge surrounded by uniform dielectric [11,26,27]. Thus, the conditions for 
adiabatic nanofocusing and the existence conditions for wedge plasmons are contradictory 
to each other, i.e. adiabatic nanofocusing and wedge plasmons do not coexist.  
The considered structures consisting of a sharp metal wedge (tapered metal film) on 
a dielectric substrate may be easier to fabricate and have significantly increased 
mechanical strength compared to a free-standing sharp wedge (considered in [11]). At the 
same time, it results in efficient nanofocusing with strong sub-wavelength localization of 
the plasmon and noticeable enhancement of the local fields. Therefore, the considered 
structures are expected to present new options for the development of the near-field 
microscopy, new plasmonic sensors and measurement techniques, efficient adaptors for 
introducing light into plasmonic nano-circuits, etc.  
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